2. Integrimi me metodén e zévendésimit

Duke zbatuar metodén e zévendésimit té njehsohen integralet:
1. _f(l +x)dx. 2. I(3 —2x)%dx. 3. J\/l —xdx. 4. j\“/l +x dx.
Zgjidhja.

1 — 8 8
Lfa+ayde= T o fra-Lec- T e
dx =dt 8 8
3-2x =1t ) )
2. [(8-2x)°dx =|-2dx =dt |= |t°| —= [dt =—= | t°d¢
_f( x) dx x : I ( zjd ZI
dx =—=dt
2
7 7 _ 7
=—lt—+C:—t—+C— (3—2%) +C
2 14 14
3. Ményra e paré:
1-x=t 1 %H
Lh—xdxzﬂm=dt=jﬁ(dw=—ﬁ2ﬁ=—f s
dx =—dt §+1

2
=-§ﬁ+0=-§4a—m3+a

Ményra e dyté:

1-x=¢

j\/l—xdx _ff=Vl-x =jt(—2t)dt =—2jt2dt _2p.c
—dx = 2tdt 3
dx = -2tdt

:-%Ja—m3+a
_ 4 _ 4
4 J-4,—1+xdx:1+x—t =>t=Vl+x

- ft A dt = 4jt4dt
dx = 4t3dt
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5

=4-%+C=%-«4/(l+x)5 +C.

Detyra pér ushtrime

Té njehsohen integralet:

1. _f(1+2x)5dx. 2. I(%—x}iix. 3. j,/1+gdx.
4, J.\3/1—3x dx. 5. j{’/5x—1 dx. 6. I(\/x+1 —Jx —1)dx.
7. [(@+x)° -1+ x)dx.

Té njehsohen integralet:

3
5. I 2x+1 G.I 4x dx. 7. Ix-\/1+2x2dx.
x? +x+8 x*+1
2_
8. ij-\/ler?’dx. 9. Ix 3 dx.
Jx + 2
Zgjidhja.
2 _
5. [ 2Hl g R3S A eG4 x+3)+ C.
x? +x+3 (2x+1)dx=dt t
5 x4+1=t ldt .
6. [—F—dr—|axdx—dr |- [4— L[ Ly 02D o
x"+1 1 t 49 ¢ 4 4
xidx ==dt
4
1+2x% =t> =t =1+ 2x*
7. jx-\/1+2x2dx=4xdx=2tdt =J.t-%tdt
xdx:ltdt
2
3
E LA (1+2x%)° +C
2 3 6
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1+x® =t =>t=+1+x" ,
8. jx/1+x3-x2dx=3x2dx=2tdt =_[t-§tdt=§-%+C
xde:gtdt
3

=§\/(1+x3)3 +C
9 J-x2—3dx_x+2=t3:>x=t3_2;t:13/x+2
| ——=dx= ,
Nx+2 dx = 3t=dt
3 2
=J‘H#‘3t2dt=3.[(t6—4t3+4—3)'tdt

8 5 2
=3j(z7 a4t epd=3-L-12.L 3.1
8 5 2

=%§/(x+2)8 —%%/(x+2)5 +%§/(x+2)2 +C.

Detyra plotésuese

Té njehsohen integralet

2x —1 2x + 3 x°
S a SR P res L b
3
11] 2x—a dx , aconst12j dx.
xt—ax+1 4x* +1
14. [x-V1-x?% dx. 15. [ x-v2+3x% dx. 16. x(x
oy s f e
2
17. [ x* -2+ 5x® dx. 18. dx.
[ e =
Té njehsohen integralet:
dx 1+x
10. . 11.
J.\/erl—\/x—l ‘[\/1 x”

1-x dx
12. dx. 13. | ——.
j\/1+x g '[x\/xz—l
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Zgjidhja.

10. Pas racionalizimit té eméruesit kemi:

I:J' dx :J' 1 \/x+1+\/x
\/x+1 \/x 1 \/x+1 \/x 1 \/x+1+\/x 1
LT L,
dxt (x-1)

:E(“x/x+1dx+j\/x—1dx)=§(11 +1,),
ku I, ZJ‘\/X-G—l dx; 1, =J\/x—1 dx.

Zgjidhim ve¢mas integralet I, I,. Merret:

x+1=2¢
Ilzfx/x+1dx:t:x/x+1 _jt 2dt =2- t—: «/(x+1) +C.
dx = 2tdt
x—-1=t*
I, = [Vx-ldx=|t =x—1| = [t-20dt = 2- t—= -1+
dx = 2tdt
Pra
I =%(3\/(x+1)3 +g«/(x—1)3j+C=%(\/(x+1)3 INEE
1+x xdx .
11. I = =arcsinx + 1,.
.[ J- /1 2 I/l_xz 1

1-x* =t
Ilzj'ﬂ——Zxdx 2tdt| = ﬂz—jdtz—tz— 1-x2
t

[ 2
1-x xdx = —tdt

Pra, I =arcsinx —v1-x> +C

12. Pasi té kryejmé racionalizimin merret

R e e R

Integrali qé¢ morém eshte 1 ngjashém me integralin e detyrés

paraprake.
—* dx = arcsin x — V1 -x% + C.
x

Pas zgjidhjes merret j
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1313%—! 1) MJ—

dx
2 sgnx 2
x-xsgnx,|l— x2 1— =
—sgnx-ILz: xl —sgnxj. —
x® 1—(1j —=dt
x
x

. .1
=-—ggnx-arcsint + C = —sgn x -arcsin — + C.
x

Detyra pér ushtrime

Té njehsohen integralet:

3+%
dx dx 9
19. . 20. . 21. d
J.\/x—l+\/x+1 J.\/Zx—l—\/2x+1 J.\/1 2 *
X
29, [—3 gy 23, (=L 4x 24, [—12% gy
I J1 - (2x)? j V1-9x? I V1 -—4x®

1+x xdx dx

Té njehsohen integralet:

dx dx dx
_ 15. | ——. 16. | ——.
Ix(l+2lnx) J.x,ll_]rﬁx Jixlnxln(lnx)
17— 18. [—— In+"Yax.
xcos” Inx 1-x 1-x

19. I\/ln(x+\/1+x )

1+x”
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Zgjidhja.
dc 1+2Inx) =t 1Ledi 1
14. I—zdx 1 =—|—==In|t|
x(1+2Inx) —=Edt 2t 2
X

:%ln [1+2Inx|+C.
Inx=t¢
d dt
TR ELC I g N
xy1-1n” x ™ =dt N1-t2

In(Inx) =u

=arcsint + C = arcsin(ln x) + C.

dx = [£=In|u|+C =In|In(nx) | +C.
=du u

xXinx

_[ dx

xInx In(In x) -

d Inx =t di

xcos’lnx ﬁzdt :ICOSZt
x

1 2lnlJr—xdx

1-x 1-x

Zévendésojmé In 1+x
1-x
Pas diferencimit merret:
1 -(1+xjdx=du
1+x 1—-x
1-x
l-x 1+x) (1—x)—(12+x)(1—x) dx = du
1+x 1-x)
1 1-x-(1-x)(-1) dx = du
1+x 1-x
wdx —du
1-x
1 1
sdx = —du
1-x 2
Pra, kemi:

17. I =tant+C =tan(Inx) +C.

18.I=j

2
1+x
d 2 @n1— j 1, ,1+x
I:Iu—uzu—z—x = —1n? +C.
2 4 4 4 1-x
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In(x + V1 +x?) In(x + V1 +x%)
19. 7= ——dx = | dx
I+x V1 + %
Zévendésojmé In(x +vV1+x*)=u
Pas diferencimit merret:

(x +vV1+x?)

————dx=du

x++1+x?

Pra =du.
V1+x?
Merret:
3
1 2
I = [udu = [u*du :%zg\/ln?’(x+\/1+x2) +C.
2
Detyra pér ushtrime
Té njehsohen integralet:
dx dx sin x
28, | ———. 29, | ——. |
-[ 2x(Inx +1) '[ xVJ1-Inx I In(cos x)
31. [ 2% dy. 32. jZd—x 33. jd—f
In(sin x) cos™ x In(ctgx) xsin” Inx

In
1-x* 1+x 1+ x?

2
34. Lo l=% g 35. j\/ln(x_““x ) dx.

Té njehsohen integralet:

20. [e™*sinxdr. 21 [ Z’:i dx. 22. | ¢ —dx. 23. [x%e " dx.
e+
2
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1

24. [ i—de. 25. j

ef+e” 26.‘[

¢ dx
Ve +1
Zgjidhja.

. cosx =t
20. Ie""” sin xdx =

= —J. e'dt =—e' = - + C.

—sinxdx = dt

x T+x=t
21. Iex—ﬂdx:e X = ﬂ—lnltl—lnle +x | +C.
e’ +x (e +1)dx = dt t
ex+l—t dt 1
22. j—dx_ 2 |=[Z=hnlt=ln|e +=|+C.
t 2
e’ +* e“dx =dt
2
—x® =t
2 —x° 2 1 t 1 t 1 —x?
23.jxe dx =|-3x°dx = dt =—§jedt=—§e =—§e +C.
2dx = —=dt
. S 1
24. Ie—dxz * =—Ietdt=—et=—ex+C.
x? 1
——dx =-dt
X
dx dx dx e*dx
25. = =
-[e +e -[x 1 _[62x+1 -[ezx+1
e’ +—
e e’
=t
J’ﬂ e IQt =arctant = arctane® + C.
(€)Y +1 |e'de=dt| ‘t°+1
x _ 42 _ x
26. _[ . _le +l=t"=t=+e" +1| 2tdt_ 2\/71+C
ver +1 e“dx = 2tdt

Detyra pér ushtrime

Té njehsohen integralet:

36. J.esmx cos xdx. 37. _f—dx 38. J

cos X Y41
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39. j&d 40. jx2e"2"3dx. 41. Ixex2+“2dx.

e“dx

e” +3'

42. |

Te njehsohen integralet:

X dx 8x -3
27. 28. 29. dx.
Ix +a’® '[ J.x:z +
Zgjidhja.
dx X
dx e 1 dx |=—=t 1 [ adt
27.Ix +a? _Ix +a? :?J. z < :?It2+1
= (xj +1|dx = adt
a a
= I :larctant:larctan£+C.
?+1 a a a
x2dx x2dx 9 1 dt
28. I = = =|3x%dx = dt| = == .
-[9+x6 I32+(x3)2 J~32+t2 3-'.32+t2
9 dt
x“dx = —
Né bazé té detyrés paraprake
3
J‘%:larctanintq =larctanx—+Cl.
3+t 3 3
1 x?
Pra I = =—arctan—+C.
9 3
8x -3 dx
29. d =8 x =-3| —————=—=8I -3I,, ku
v[ v[x +7 ,[xZ +(ﬁ)2 1 2
xdx dx
! J‘x2+7 2 J.x2+(«/7)2
'+ T=t—
L= [ 2 lovdx - dt a_1, |t|——ln(x 7).
x°+7 dt 2 t
xdx = —
2

Pra
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I1=8. Eln(x +7) -3 —=arctan — Y iC

et g

3 X
—arctan—+ C.
J7 J7

Detyra pér ushtrime

=4In(x*+7) -

Té njehsohen integralet

dx 3
43, | ———— 44, . 45. dx.
I2x +a? J.23624—3 J.7+x
46. [ —dx. 47. | %1 . 48, j—
2x% +5 x“ +15 (ex)* +m
Té njehsohen integralet:
30 jaamx dx,a e R\{1},a>0 31. | dx
1+x2 ’ arcsin xv1 — x?
2 arctg2x
39, I arctanx + x 1n(1 +x7) . 33, I e -l;x d.
1+x 1+4x
Zgjidhja.
aarctanx arCtan X=U au aarctanx
30. dx = =|a“du = = +C.
J.1+3¢2 1dx2=du '[ Inlal Ina
+x
4 arcsinx = u 4
31.f ad =| dx j u—lnlul—lnlarcsmx|+C
=du

arcsin xv1 — x2 ﬂ

39 I:j-arctanx+xln(1+x )d J-arctanxd J-x]n(1+x )d
1+x°
=1 +1,,
arctan x arctanx =u 4’ (arctan x)?
! '[ 1+x2 dx2 =du j 2 9
1+x

ln(l + x2) 1 u2 1n2 (1 I xg)
L= 7 d= =—|udu="=—""-—"2"7

? J. 1+x2 %xdx:% 2I 4 4

1+x 2

Pra
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11

2 2 2
(arctan x) N In"(1+x%) .C

I:
2 4
earctaan +x earctaan xdx
33. =" " “dx= de+|——— =1 +1,,
I 1+ 4x” j1+4x2 j1+4x2 e
arctan2x =u
arctan2x 1 u arctan2x
L =[S de = |——2dx = du| = = [e"du =& = ©
1+4x 1+4x 2 2 2
g 5 =ldu
1+4x 2
Cl+4ax® =
j xdx +4x” =t dt 1 |t|-—1n(1+4x)
1+4x>  [8xdx = dt T8l 8
arctan 2x 1
Pra, I = +§ln(1+4x2)+C.

Detyra pér ushtrime

Té njehsohen integralet:

arctanx arctan 3x 3 2
49. [ ax. 50. [T dx. 51 [V g,
1+x 1+9x 1— o2
2 arctan4x
59. len(1+32x )dx 53. [ ¢ +ea]ictan4x dx.
1+3x X2 4=
16
Té njehsohen integralet:
34. Isinax dx. 35. J.cosax dx. 36.jtanax dx.
37. jcot ax dx. 38. _f— 008 2x dx. 39. Isin“ x dx.
sin x cos x
40. ~l.tan4 xdx. 41. Isin5 xdx. 42, Icot5x dx.

43. I sin x sin 2x dx.
dx

2sin® x + cos® x
sinx —

45. |

sin® x

dx.

48.
JA2cos X +sin® x

44, J- cos X cos 2x cos 3x dx.

<3
16. | SIn2x g 47, [22 S dx.
tan X cos™ x
49. J- 50. Jsin“ x -cos* x dx.
sinx’
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Zgjidhja.
ax =t 1 1 1
34. Isinaxdx: adx =dt :—Isintdt:——cost:——cosax+C.
1 a a a
dx =—dt
a
ax =t 1 1 1
35. jcosaxdxz adx =dt =—Icostdt=—sint=—sinax+C.
i a a a
dx =—dt
a
sin ax cosax =u
36.Jtanaxdx=f dx =| . 1
cos ax sinaxdx = ——du
a
=—l ﬂ=—lln|ulz—llnlcosax|+C.
a’ u a a
. sinax =u
317. Icotaxdx:.[c? W dx = 1
sin ax cosaxdx =—du
a
e 1y u= Lingsinax | +C.
a’ u a a
38. Ményra e paré:
2 <2 .
I:J- 'cos2x dx:J-COS, X —sin xdx:j.cf)sxdx—jsmxdx
sin X cos x sin x cos x sin x Cos X
=Icotxdx—jtanxdx=ln|sinx|+1n|cosx|
=In|sinx-cosx|+C.
Ményra e dyté:
I :J‘,COS—%dx :J-2,CO—S2xdx :2.[ c?s2x dx :2Jcot2xdx
Sin x cos X 2sIn x cos x sin 2x

=1In|sin2x | +C,.
Shénim.
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Lexuesi mund té keté pérshtypjen se rezultatet qé morrém nga
zgjidhja né dy ményrat jané té ndryshme por lehté vérejmeé se:
In|sin2x|+C, =In|2sinxcosx |+C, =In2+1In|sinxcosx | +C,

=In|sinxcosx | +C.
2
. . 1-cos2x
39. Y xdx = Zx)Ydx = || —==| d
Ism xdx _f(sm x) dx J( 2 j X

=i‘|‘(1—2cos2ac+cos2 2x) dx

=lJ.dx—lJ.cos2xdx +ljmdx
4 2 4 2
=lx—lI1 +lIZ.
4 2 4
=y 1 1
IlszOSZxdx: 1 :—Icosudu:—sinu:—sin2x+C1.

1+ cos4dx
I =|—
=
Pérfundimisht merret:

Izlx—l lsin2x +l l3c+lsin4x :3_x_sm2x+sm4x+a
2\ 2 4\ 2 8

dx =ljdx+ljcos4xdx =lx+lsin4x+C2.
2 2 2 8

4 8 4 32

40. ftan4 xdx = Jtan2 tan® x dx = Itanz x( - 1} dx

cos” x
2 1 2
:J-tanx 5 dx—J.tan xdx =1 -1,.
cos” x
tanx =u
1 v tan®x
I =|tan’«x dx = =|vdu=="-= )
! I cos® x dazc =du I 3 3
cos” x
c 2 2
sin® x 1-cos”x dx
I, =|tan’xdx = dx=|———dx = — | dx
2 '[ J‘coszx '[ cos® x J.coszx I

=tanx —x+C.
Pérfundojmé se

tan® x
—tanx +x + C.

J‘tan“ xdx =

. . . . cosx =t
41. jsm"’ xdx = Ismx sin® x dx = Jsm x(1 —cos® x)*dx =

sin xdx = —dt
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=—I(1—t2)2dt:—jdt+2jt2dt—jt4dt=—t+2§—§

2 1 .
= —cosx+§cos3 x—gcos°x+C.

cos’ x cosx -cos’ x
dx =I

sin® x

sinx =u

i a2
42, Icot5 xdx:j cosx (1 —sin” x) dx

dxzj

sin’ x sin® x

_1(1—u2)2 du:j1—2uf+u4 Ju

u5

)

u

cosxdx =du
- _ du
=Iu5du—2ju3du+f7:—

1 1 .
=————F—+——+In|sinx [+C.
4sin"x sin” x

Né detyrat vijuese zbatohen formulat:

1

4u*

1
+—+Inful
u

sinx-siny = é(cos(x —y)—cos(x +y))
COSX -COSYy = %(cos(x — )+ cos(x + y))
sinx-cosy = %(Sin(x — y) + sin(x + y)).
43. _[ sin x sin 2x dx = %J.(cos(x —2x) —cos(x + 2x)) dx
= lGcosxdx —_fcosSx dx)z lsinx —lsin3x +C.
2 2 6
44. jcos x cos 2x cos 3x dx = Icos 2x - %(cos(x —3x) + cos(x + 3x))dx
= %J‘cos 2x (cos(—2x) + cos 4x))dx
=%qcos 2x cos 2x dx + Icos 2x cos 4x dx)
=i0‘dx +Icos4xdx +Icos2xdx +Icos6xdx)
:l x +lsin2x +lsin4x +lsin6x +C.
4 2 4 6

dx dx

dx 5 . tanx =u
45. _ cos’x  _ cos’x  _
JA2sir12x+cos23c I sin? x ~[2tan2x+1 dx =du
2 +1 cos® x

cos® x
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du
= =+/2 arctan x/§u
j2u +1 I(\/§u)2 +1
=+/2 arctan(\f 2tanx)+C.
46. I sin 2x do — J- 2sir.1x4c0sx d — 2_[ sin x cos x cos* x dx
tan® x sIn” x sin® x
cos* x
i —sin? x)? sinx =u
_ 2J- sinx(1 s1ri x)” cosx do —
sin” x cosxdx =du

:2ju(1;—4u2)2du=2j.%—4j%+zj%

1 4 1 4 .
=-—+—+2In|lul-———+——+2In|sinx [ +C.
uoou sin“x slnx
. . 2 .
sin® x sinxsin” x sin x(1 — cos® x
a7, [E0F g [einrsinty  _ psinx(l-cos’x) ,
cos® x cos” x cos® x
cosx =u 1-u® 1
= =—J. —du=—+u= +cosx +C.
sinxdx = —-du u u Ccos X

. . 3 . 2
sinx —sin” x sinx(1 —sin® x sinxcos” x
dX=I ( )d I—dx

48.
I2cos29c+sin2x cos?® x+1 cos2x+1
cosx—t
=—|dt+
smxdx:—dt -[t +1 -[ -[

= —f+arctant = —cos x + arctan(cos x) + C.

L. X X
sin? = + cos® =

49 J- dx =J~ dx _ 9 de
“Jsingx . X X . Xx X
2s1n — cos — 2s1n§cos§
1 J‘sin2 Icosz 1
=— de+ | —=dx |==(, + 1,).
2 cos — s'nE 2
2 2
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X
cos==u
. X 2
Sy 1. x du x
Ilzf dx =|-—sin—dx =du|=|—=-2In|u|=-2In|cos—]|.
X 2 2 u 2
cos§
sinfdx:—Zdu
2
X . X
CcOS — siIn—=u du X
I=[—2dx- 2 =2j—:21n|u|:21nsin§‘.
sin — cos > dx = 2du u
2 2
. X
1 x . X sy x
Pra IZE —21n cosg +2In s1n§ =ln :lntang + C.
cos >

. 4
50. Isin4 x-cos* xdx = I(sin x cosx)'dx = J‘(Zsmx%j da

2
dx:L (1—cos4x) dx

B I (sin”® 2x)*
16 16 2

1
= 6—4[(1 —2cos4x + cos® 4x) dx

=61—4qu —2_[00s4xdx +J‘cos2 4xdx)

:L x—2-lsin4x+j—1+0088xdx
64 4 2

:L x—lsin4x+lx+isin8x
64 2 2 16

=L éx—lsin4x+isin8x +C.
64\ 2 2 16

Detyra pér ushtrime

Té njehsohen integralet:

COos X

54. j b /%)
X X

sin —cos —
2 2

57. Icos5 x dx.

55. J‘cos4 x dx.

58. Itansxdx.

56. Jcot4 x dx.

59. Isin 3x sin x dx.
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60. Isinxsin 2x cos3xdx. 61. I — dx O
sin” x + 5cos” x

62. Icost 63. J‘sm2x 64. J~sm x

cot’ x cot’ x cos” x

. 2

65. [ de. 66. j

sinx +sin® x cosx

sin %
Té njehsohen integralet
dx dx
51. | ——. 52. | —.
o o
53. I\/az —x?% dx. 54. J‘%
1+x%)
Zgjidhja.
Jx® +a? :t—x,t:x+\/x2 +a’
x®+a’ =t - 2x +x°
dx s 9 t* —a’ t* +a’
5l. | ——=12tx=t"-a" =>x = ,dx = dt
I [? + a2 2t 2t*
t* —a’
x*+a® =t—
2t
FEp t* +a’
2t

t* +a’

-[t+a
2t

52. dx

'[ xva? + x*

J.atlt—lnltl—lnlx+\/x +a® |+C.

x=atanu du
du 2
=|dx =a— :j cos“ u
cos” u atanuva® +a” tan® u
1
a’+x’ =a
cosu
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du du
ZJ‘ cos’ u ZJ‘ cosu _ 1l du
atanuNl+tan’u 7 gginy L a’smnu
cosu
1
- “Inftan L
a
Meqé cosu = 9 atéheré sinu=-—>— dhe
a’® +x* Ja® + x*
_x
u sinu Ja? + x? X
tan— = = = .
2 1+4cosu 1+ a a++a® +x?
Ja® +x*
dx 1 x
Pra | ———=—In|—————|+C.
J‘x\/a2 +x* A |a++a®+x°
x =asint
dx =acostdt
53. I\/aZ—xz dx =|sint = > =I\/a2—a2 sin®t -acostdt

a

. X
t = arcsin —

=a2j\/1—sin2 t costdt = azjcos2 tdt = azj-1+c—2052tdt
= —([dt +jcos2tdt) (t +—sm2tj

2 2 2
_ e t-l—lZsintcost a arcsmx+— 1_x_
2 2 2

a a a’

2
a XX
= —arcsin=+ —+a* -x% +C.
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dt . tant
=|———— =|costdt =sint+C = ————
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2 2 s 2 2 2
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