3. Integrimi me metodén parciale

Té njehsohen integralet:

1. _flnxdx. 2. lenxdx. 3. Ix”lnxdx. 4. jx41n3xdx.

Zgjidhja.
Inx=u
1. Ilnxdxzd—xzdu =x1nx—jx-d—x=xlnx—jdx
X X
Idxzv:>v=x
=xlnx-x+C.
Inx=u
2 2
2. jxlnxdx:d—x:du =x—lnx_.[x_.d_x
X 2 2 x
2
v—jxdx,v:—
2 2 2
=x—lnx—ljxdx=x—lnx—x—+C.
2 2 2 4
Inx=u
n+l n+l
3.J.x"1nxdx=d—x=du _X lnx—jx d_x
x n+1 n+l x
n+l
v—jx"dx, U=
n+1
n+l n+l n+l
= Inx - .[x”dx— Inx - 1 x
n+l n+ n+1l n+l(n+1)
n+l n+l
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In®x=u
2 5 5 2
4. jx4ln3xdx:31n xdx:du:x—ln3x—'|‘3x In Y dx
x 5 5 X
U=Ix4dx=x—
5

5 5
=x—1113x—§jx4 In® xdx =x—1n3x—§-11,
5 5 5 5

ku
In*x=u
5 5
I =[xt In? di = [P% g — g = L - [ 210G
X 5 5 «x
x5
v="
5
5 5
~X In2x —gjx4 Inx=""In?x —ZIZ.
5 5 5
Né bazé té detyrés 3.
5 5
[t I
1, —jx In xdx = 5 Inx =
5 5 5 5
Pra I, BEASNCpo x—lnx—x—z Y i x—Z P Inx 4 —o s,
5\ 5 5 5 25 125
Pérfundimisht,
5 5
== X e 2 gt — s |4 C.
5 5\ 5 25 5
Detyra pér ushtrime
Té njehsohen integralet:
1. IxQ In x dx. 2. len2 x dx. 3. IxS In® x dx.




ANALIZA MATEMATIKE II

Té njehsohen integralet:

2
5. | D% . 6. [(x* +x)In(x +1)dx.
x
7. Iln(x+\/1+x2)dx. 8. sz lnl_xdx.
1+x
Zgjidhja.
In*x=u

2
5,Iln2xdx=2lnx.ldx=du :—lln2x+jl-21nx-ldx
X x x * ¥

V= jx’de =—x"

=—lln2x+2jln2xdx=—lln2x+2fl,
x X x
ku
Inx=u
I = 1n—;cdxzﬁzalu =—x’llnx+jld—x=—llnx+jx’2dx
x x X x x
v=—x"
=—llnx—l.
X X
Pra,
I:—lln2x+2(—llnx—l):—l(ln2x+21nx+2)+C.
x x x x
In(x+1)=u
) dx x® %
6. [(x” +2)In(x +1)dx = c=du |=| |+ D)
X+
x®  x?
U=
3 2

3 2 3 2 3 2
NiE=re= de _[x"  x° ln(m)_judx
3 2 )x+1 3 2 6(x +1)
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3 2
={%+%}1n(x+1)—]1,

x (x+1)d

x+1

s

ku
_J-29c3+3x2 _sz3+2x2+x J-
6(x+1) 6(x +1)
2
+lj X dleszdx+lj x 14—t
67 x+1 3 6 x+1
3 2
=x—+l x——x+1n(x+1) .
9 6| 2
Pra
x° x x* x® x
I=|—+—|In(x+1)————-"— +———ln(x+1)
3 2 9 12 6 6
3 2 3 2
= x_+x__l 1n(x+1)—x——x—+£+C
3 2 6 9 12 6

7. J.ln(x +Vl+x?)dx = |—X2 =

=xIln(x +V1+x*) -

In(x +V1+x®)=u
(x +vV1+x?)
x ++1+x7

dx =du

J- xdx

Va? +1

—xIn(x++1+x2)-V1+x? +C.
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1-x
In =u
1+x
_ 3 _ 3
S.J.ac21n1 Y dx = 22 claczcluzx—ln1 x_J-x_‘ 22 dx
1+x x° -1 3 1+x 3 x" -1
xS
v="—
3
¥ 1-x 2 x . 1-x 2 x°
= || x+— x=—1 -
3 1+x 3 x° -1 3 1+x 3 2
3 2
2 e et e e
1+x 3
Detyra pér ushtrime
Té njehsohen integralet:
Inx ) In x
4. J.\/Elnzxdx. 5. J(—j dx. G.I —dx.
X x
Té njehsohen integralet:
9. J-xe”‘dx. 10. IxSe’xzdx. 11. J‘e&dx. 12. J.e"“”dx.
Zgjidhja.
xX=u
. dx =du . i . .
9. Ixe dx:vzj.e’xdx = —xe +Ie dx=-xe* —e " +C.
v=-e"
x*=u
2xdx = du ) )
3 -x° _ 2 A —x? _ 2 A2 —x? - —x?
10.Ixe dx—jx x-e dx—v:J.xe dxl= 2xe +2j2xe dx
1 e
v=——ce
2

2 1 2

= —lxze'xz + jxe‘xzdx = —lxze‘x ——e " = —le"xz (x*+1)+C.
2 2 2
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1
\/_=u:>—dx=du
20/x

11.J.eﬁdxzj.\/g§dx= &Zt
x

0

e dx NA
U= |—=dx =|—==dt| = 2| e'dt = 2¢¥*
J.\/x 2 x '[
9oy

Jx

Jx
= 2\/;eﬁ —IZe& 2d—\/x, = 2\/56& - Ierx = 2\/;(3& — 2
X X

= 2(Jx —1)e™™.
x=u,dx =du
12. Iex+1“xdx = Iexelnxdx = Jxexdx = . =xe* — Iexdx
v=e
=xe® —e" =e“(x-1)+C.
Detyra pér ushtrime
Té njehsohen integralet:
7. ije"‘dx. 8. Ix”e’xnfldx. 9. Iemdx.
2
10. [ dx. 11. [ dx. 12. [x?-37dx.
e
Té njesohen integralet
13. Iezx(x2 +3x —4)dx. 14. j‘(xz +x +1)sinx dx.
15. Ixsin 2x dx. 16. Ix2 cos bx dx.
Zgjidhja.
x> +3x-4=u )
13. Iezx (x* +3x —4)dx = |(2x + 3)dx = du = Eezx (x* +3x —4)
v= Ie“dx =>v= lez’“
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1¢, 1 o/ 1
——e*2x+3)dx=—e"(x*"+3x-4)——1,.
5 J e 2+ 3)dx = e ( -5 1

2x+3=u 1 1
I, =Ie2x(2x+3)dx =|2dx =du =§e2x(2x+3)+'|.2-§ezxdx
1 2x

e
2

U=

]- 2 2 1 2 1 2

=—e“(2x+3)+|edx == (2x + 3) + —e™".

5o @x+3)+ 5 e (2x+8)+ 2
Pérfundimisht,

1 =lezx(x2 +3x—4)—le2x(2x+8)—le2x
2 4 4

=iez"(2x2+6x—8—2x—3—1) =%e2x(x2+2x—6)+C.
X +x+l=u

(2x +1)dx =du

14. | (x> +x + 1) sinxdx =
I( ) vzjsinxdx

=—cosx(x® +x +1)

V=-CosX
+J. cos x(2x +1)dx = —(x* + x + 1) cosx + I,

ku

2x+1=u
2dx =du

I =j(2x+1)cosxdx =l :_[cosxdx

=(2x+1)sinx—2jsinxdx

v=sinx
=(2x+1)sinx + 2cos x.
Pra, I=—(x*>+x+1)cosx+(2x +1)sinx + 2cosx

=(1-x*-x)cosx +(2x +1)sinx + C.
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8
X=u
dx =du
15. jxsiandx: v:J.siandx :—%Jr%jcos%cdx

U= —lcos2x
2

X CcOos 2x
2

x*=u

16. Ixz cosbx dx = |2xdx = du

_ x”sinbx
5

X=U

I :Ixsin5xdx =|dx =du

= —lx cos bx +isin 5x.
5 25

Pra,

I:xzsin5x_g
5 5

2

x% sin bx
=——————— +—XC0SOX
25

(25

X 2 . 2
sinbx + —
25

5 125

v =lsin5x
5

21,

1
U=——cosbx

+lsin2x+C.
4

_ x”sinbx

—gjxsin5xdx
5 5

2 ku

5

—lx cos bx +ljcos 5xdx
5 5

—lx cos bx +Lsin 5x
5 25

- lsin 5x
25

xcosbx + C.
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Detyra pér ushtrime

Té njehsohen integralet:

13. Ixz sin 3x dx. 14. I(x +1)cos(x + 2) dx.

15. I(x2 —x —1) cos 2x dx. 16. J.x’x(x2 —x +3)dx.

Té njehsohen integralet

17. I e " cosxdx. 18. J- sin(ln x) dx. 19. jcos(ln x)dx.
20. Iex sin x dx. 21. Iex cos x dx. 22. .[ex sin® x dx.

23. fe’“ cos” x dx.
Zgjidhja.
cosx =u
17. Ie’x cosxdx = |-sinxdx = du|=—e " cosx — Ie”‘ sin x dx
v=-—e
=—e “cosx -1,
ku
sinx =u
I = J.e’x sinx dx = |cosxdx = du|=—e " sinx + Ie’” cosx dx
v=—e
=—e“sinx+1.
Pra,
I=-e¢"cosx—(—e"sinx+1)
I=-e"cosx+e sinx—1
21 = e (sinx — cos x)
x

7_¢

(sinx —cosx) + C.

18. Isin(ln x)dx. 19. _fcos(lnx)dx.

Né vijim, njékohésisht do té zgjidhim integralet né detyrat 18, 19.
Le té shénojmé:

I = Isin(ln x)dx; I, = Icos(ln x)dx.
Zgjidhim I,. Merret:




10 INTEGRALI I PACAKTUAR

sin(lnx) =u

Il = Isin(ln x)dx = de =dul=x Sil’l(ln x) _ Ix Cos(ln .’X,‘) n
x X

v=x
= xsin(In x) - [ cos(In x)dx = x sin(In x) - ,.
Pra, kemi:
I, = xsin(lnx) — I, gjegjésisht
I +1, =xsin(Inx)

(1)
Zgjidhim I,. Merret:

cos(Inx) =u

12 :Icos(lnx)dx = de =du =xcoslnx+jx sm(lnx) »
x X

v=x
=xcos(lnx) + jsin(ln x)dx =xcos(Inx) + I,.
Pra,
I, =xcos(Inx) + I,, gjegjésisht,
—I, +1, =xcos(Inx). 2)
Nga (1), (2) merret sistemi:
I, + 1, =xsin(Inx)
—1I, + 1, =xcos(lnx)

me zgjidhjen e té cilit merret:

I = g(sin(ln x)—cos(Inx)), I, = g(sin(ln x) + cos(In x)).

20. Ie’“ sin xdx. 21. Iex cosxdx.

Veprojmé ngjashém si né detyrat paraprake.
Shénojmeé: I, = Ie’“ sin xdx, I, = Iex cos xdx.

Zgjidhim integralin I,.



ANALIZA MATEMATIKE II

11

sinx =u

1

v=e
Pra,I, +1, =e" sinx. 1)

Zgjidhim integralin I,.

cosx =u
I, :J.ex cos xdx = |-sinxdx = du| = e” cosx+jex sin xdx
v=e"
=e"cosx + 1.
Pra -1, + I, =e* cosx 2)

Nga (1) dhe (2) merret sistemi:
I +1,=¢"sinx
-1, +1,=e"cosx

me zgjidhjen e té cilit merret:

X X

I :%(sinx—cosx), 1, :%(sinx+cosx).

Duke vepruar si mé sipér tregoni se:

asinbx — b cos bx o

j. e™ sinbxdx =

a’ +b*
Ieax cosbxdxzaCOSbf+Z251nbx-e"‘x.
a”+
22. Ie’“ sin® xdx :Iex -ﬂdx:lj‘exdx—ljex cos 2xdx

2 2 2

1, 1(cos2x+2sin2x) .

=_e" -= e +C.
2 2 5

Shénim. Shprehja e fundit mund té transformohet né

X

e* . .
—(sin® x —2sinx cosx + 2) + C.

'1+COSZ.’XJ

23. je” cos® xdx = Ie’“ 3

dx = lJ.exalx +ljex cos 2xdx
2 2

I = jex sin xdx = |cos xdx = du| = e” sinx—jex cosxdx =e*sinx — I,.



12

INTEGRALI I PACAKTUAR

1 ., 1(cos2x+2sin2x) .,
—e" +— e
2 2 5

1

. cos® x —sin® x + 4sinx cosx
=—e" |1+ 5

:%e’“(cos2 x+2sinxcosx +2) + C.

Detyra pér ushtrime

Té njehsohen integralet:

17. jezx cos 3x dx. 18. jezx sin 3x dx.

20. ~l.sin2(ln x)dx. 21. je‘” sin® x dx.

23. Ie’“ sin® x dx. 24. jex cos® x dx.

19. Icosz (Inx) dx.

22. je""’“ cos® x dx.

Té njehsohen integralet

24, I\/xz —a’ dx.

217. jarctan x dx.

25. I x% +a® dx.

30. Ix arctgx dx.

33. J.(1+x %)?

Zgjidhja.

24. I = I\/x -a dx—ﬁ

V=X

oy /T_ag_jx —a’ +a’
Jx? —a®

28. J‘x2 arccos x dx.

31. Ix(arc tgx)*dx.

34. jx J1+«x® dx. 35. j

=du|=x-\x* J.x

26. jarcsin xdx.
29. I (arcsin x)*dx.

X

J—

VX a

- xJx?—a® (I ¥ —a dx—aﬂ%]
x’ —a

=x\/x -a —J\/x —a’dx
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dx
0’| ——==axvx’—a’ - I-a’Inla+Vx® -a® |.
J- (% _ g2
Pra

2l =avx? —a®> —a’In|x +Vx* —a? |
[.2 2 2
I:u—%lnlvwr\/xz—az | +C.

2
25. Duke vepruar ngjashém si né detyrén paraprake merret:
2

[nn2 2
I\/xz +a’dx =%+%lnlx+\/x2 +a® |+C.

arcsinx = u

1 dx =du|=xarcsin x —I xdx

V=X

=xarcsinx ++1—-x% +C.

arctanx =u

26. _[ arcsin xdx =

—

217. jarctanxdxz de =du =xarctanx—f xdxz
1+x 1+x
v=x

= xarctanx —%111(1 +x%) +C.

1

dx =du

arccosx = u, —
1-x
28. [ = Ix2 arccos xdx = \

v="—
3

x? 1
= 5 arccosx +=

x3
3_[—,_1_x2dx
x*=u
2xdx =du
Ilzij - dxzvzj xdx =—x2\/1—x2+jx/1—x2-2dx
V1-x®
v=—1-2*

3
zx—arccosx+lIl, ku
3 3
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N —g\/a—xﬂ?’.

Pra
3
I=2"arccosx +l —x2\1 - x? —g\/(l -x%)* |+ C.
3 3 3
(arcsinx)? = u
29. I(arcsin x)’dx = 28ch$nxdx =du
V1-—x?
v=x
= x(arcsin x)* — ZJ‘x%dx = x(arcsin x)* — 21,
1-x
ku
arcsin x = u,L =du
. 1-x?
I = Iarcsmx- dx =
1-x” _J‘ * 4 _ 2
V= X =>v=—1-x

1—x?

= 1-x2 ~arcsinx+J.\/1—x2 \/sz =—+1-x% -arcsin x + x.
1-x

Pra,
I = x(arcsin x)* + 2y1 —x” -arcsin x — 2x + C.
arctanx =u
2 2
30. Ixarctanxdx: de —du =2 . arctanx — [*—. dxz
1+x 2 2 1+x
x2
v="—
2
x” 1 1
=—-arctanx——j 1- 5 |dx
2 2 1+x

x? 1 1 x?
=—-arctanx — —x + —arctanx =
2 2 2

-arctan x —%x +C.



ANALIZA MATEMATIKE II 15

(arctanx)® =u
2 arct
31. I = J-x(arctanx)2 dx = La;lxdx =du
1+x
x2
v="—
2
2 2 2
t
= J%(arctan x)? — I%dx = %(arctan x)’ -1,
) arctan x = u, T2 dx =du
ku Ilzj.arctanx- ad sdx = ) X
+x X
vzj 5 dx = v=x-—arctanx
+x
t
= (x —arctan x) arctanx—jwd
1+x°

do + J arctar; X dac
1+x
(arctan x)*
2

1
= x arctan x — (arctan x)® — =
( ) 2-[1+x2

= x arctan x — (arctan x)* — %ln(l +x%) +

1 1
=xarctanx — 5 (arctan x)* — Eln(l +x7).

Pra
2

1 1
I= % (arctan x)* — x arctan x + 3 (arctan x)* + Eln(l +x%)

2
_x (arctan x)* — x arctan x + %ln(l +x%)+C.

xX=u
dx =du
32]de=jx-ﬂ= | wdx |1 x 1 dx
Yl+at) A+x*)? | 1 +a%) 21+x 271+«
_ 11
2 1+«*
:—%1 X 5 +larctanx+C.
+x
1+x%—x2 1+x2 x?
33. I = dx
J‘(1+x) J‘(1+3cr")2 J‘(1+x) I(1+x2)2
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_I1+x _j(1+x) dx.

Integrali IG:CT)de e zgjidhém né detyrén paraprake, prandaj

1 1 arctanx 1 «x
I =arctanx + — 5 ——arctanx = — 5 +C.
1+x 2 2 21+x
XxX=Uu
dx =du

34. I=Ix2\/1+x2dx =Ix x A1+ x%dx = vzjx\/1+x2dx
_ @+ a1+
3

:%(l+x2)\/1+x2 —%I(1+x2)\/1+x2dx
=§(1+362)\/1+x2 —%j(1+x2)dx—%jx2\/1+x2dx
Sty —%Il iy

3
ku
I, —j\/1+x dx— \/1+x ——ln|x+\/1+x |

Pra

I+%I=§(1+x2)\/1+x2 —%g\/uﬁ —%ln|x+\/1+x2 |
2
I=@\/1+x2 —élnlx+\/1+x2 | +C.

x*=u
2xdx = du
xS
35. [ = J.\/_dx jx de=v=j — dx
v=— 1 1-x*

2 2
=—% 1-x* +%-2Ix\/1—x4dx=—%\/1—x4 +1,.
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2

x
Ilzfxxll—x4dxzfx 1—(x2)2dx=xdx_ﬂ =éI\/1—t2dt
2
2
_1 la]rcsint+i 1-¢? =larcsinx2+x— 1—x*.
2\ 2 2 4

Pra,
2 2
I= —x—\ll —x! +larcsinx2 + 1okt
2 4 4
2 . 2
_ ¥ g, aresing®
4
Detyra pér ushtrime
Té njehsohen integralet:
25. dex. 26. J.arcsinx -arccos xdx.
V1-x?
2
27. [ F¢ g g, [X arcianx
(x + 2) 1+x
29. I—3 30. J.xz\/a2 +x%dx.
(a® +x%)




