4. Integrimi i funksioneve racionale

Té njehsohen integralet:

dx dx
1. . 2. .
ng —a? Ia2 —x*
Zgjidhja.
1. 1 1 A B

x?—a® :(x—a)(x+a):x—a+x+a
1=A(x+a)+B(x—a)
1=(A+B)x+(A-B)a

Merret sistemi:

A+B=0
(A-B)a=1
oy 1 1
Pas zgjidhjes merret A=—; B=——.
2a 2a
Prandaj,
dx 1 dx dx 1
J.xZ -a’ =%Ux_a_J'x+aj=%(ln|x—a|—ln|x+a|)
= Lln 79, ¢
2a |x+a
. . .. . | a+x
2. Ngjashém, zgjidhet detyra 2. Rezultati éshté 2—111 +C.
a-x
Detyra pér ushtrime
Té njehsohen integralet:
dx dx dx dx
1. . 2. | ——— 3. | ————. 4, |———.
J‘1—x2 I 2 J‘9x2—2 J‘5x2—16

D
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3. Té shqyrtohet dhe té njehsohet integrali:
I
ax” +bx+c
Zgjidhja.

Trinomi ax® + bx + ¢ shndérrohet né formén kanonike

, ( bjz dac - b’ ( bT
ax” +bx+c=a|x+—| +———=a||x+—| +k|,
2a 4a 2a

ku

4dac - b*

k=
4a®

. b .
Merret zévendésimi x + o0 =y, dx =dy. Kemi:
a

_J- dx 1 dy
ax’+bx+c a v+ k

Varésisht, nga vlera qé merr £ dallojmé rastet:

2
1) k=0; (D.m.th. dac=b’ _ oj, atéhers
4a
1L
2ax+b
2
2) k>0; [D.m.th M>O], atéheré
4q’
1 dy 1 1 2 2ax +b
I=—|———=-.—arctan—-—=———arctan—+C
C‘J‘szr\/kT2 a Jk \/7 Vdac - b Jdac -b*
2
3) k<O {D. th 4a:—2b <0], atéheré merret
a
Iljdy lj dy __lyf
a’y -k a y2—\/k_2 a 2k
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1 |2ax+b N — 4ac|
Jb? — 4ac ‘2ax+b+\/b2 4ac‘

Té njehsohen integralet:

d dx
4, | ———. 5 | —————. 6. | ——.
Ix2—6x+18 Jx2—5x+6 '[x2+4x+4
dx dx
7. . 8. | ——. 9, | ————.
-[x2+4x J.ac2+x+1 J‘33c2—2x+2
Zgjidhja.
4-_[ dx :J- dx2 _ 2 ar 2 1-x-6
x° —6x +18 (x-3)"+9 J4-1-18-36 \/4 1-18-36
= 2 arctan2x_6=larctanx_3+C.
V36 3

Shénim. Integralin e dhéné né detyrén e fundit do té mund ta
zgjidhim edhe me ané té metodés sé zévendésimit:

dx x—3=3t 3dt 3dt 1
I—2 —= :I - =I - = —arctant
(x-3)"+3° |dx=3dt 9% +9 9i¢* +1) 3
= éarctan X +C.

5. Né kété rast: a =-1,b=-5,c =6.

— 2 . . -—
Kemi k:4ac 2b :4 1-6 25:_1.
4qa 4 4

Pra, kemi rastin e treté:

Prandaj

P 1 |21x5m|
x*-bx+6 . [(-5) ‘21x 5+W‘

|2x 6|
|2x 4

|x=3|

=y

+C.

Shénim. Detyrén mund ta zgjidhim edhe si vijon:
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I:J- : dx :J- dx :J(x—Z)—(x—3)dx
x*-bx+6 (x—2)(x-3) (x—2)(x—3)
:j dx —I dx zlnlx—3|—ln|x—2|+C:lnx_3+C.
x-3 x—2 X —
6. Lehté véreyjmé se k=0
D.m.th.
J‘2dx :J- dxzz_ 2 O 1 L C
x"+4x+4 (x+2) 2:-1.x+4 X+ 2
7.Kemi a=1,b=4, ¢c=0. Atéheré k=-4<0.
Prandaj
J-zdx :ll 2x +4 -4 :lln X )
x“+4x 4 2¢+4+4| 4 x+4
)
8 J‘ dx _J‘ dx _ B 2
>+x+1 2 2
x+l + 73 dxzﬁdt
2 2 2
1
J3 dt 31, dt 243 gy
__J' . - —__I 5 = ——arctan——=
2°( /3 NE) 2 3¢ +1 3 J3
o |y 4 2
2 2
=2(a ctan—2x+1+C
NE)
J‘ dx _j dx _1I dx
_ — - =
B’ 2x+2 ., 2w 2) 8, , 1.1 2 1
3 3 3 9 3 9
1 5 5
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= 13 ——arctan ctanﬁJr C.

B~ g

Detyra pér ushtrime

Té shqyrtohet dhe té njehsohet integrali 1 formés:

dx

5 | —— 6. | ————.

Ix2+bx+c J‘ax2+x+c
Té njehsohen integrale:

d dx dx

7. | ——. 8 | ————. 9. | ————.

J‘oc2—4x—4 j—x2+5x+1 J‘3x2+x—4

dx
10. | ——. 11. | ———. 12, [ ———————.
ij—erl JAx2—x—1 J‘3xz+x+5

Né rastin e pérgjithshém, integrali 1 funksioneve racionale
shndérrohet né integrimin e thyesés sé trajtés

p(x)
1
q(x) @
ku deg p(x) < degq(x).

Nése polinomi g(x) mund té shprehet si:

q(x) =(x - a)" (x* + px +q)"

ku a éshté rrénjé reale e m — fisht e polinomit, kurse a £pi jané
rrénjé té shumeéfishta komplekse atéheré shprehja (1) paraqitet né
trajtén:

p(x) _ A, . A, A N B +Cx N B +Cx

m

o = E o
qg(x) x-a (x-a) (x —a) x“+ px+q (x* + px +q)
Té panjohurat A,,..,A ,B,,...B,, C,...,C caktohen me metodén e
koeficienteve té pacaktuar.

Té njehsohen integralet:

0. [ —"——dx. 11. Ix2—+2dx
(x+2)(x-3) (x+1)*(x+2)
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2x* dx
12. dx. 13. .
'[ x*t -1 -[ x® -1
Zgjidhja.
10. Funksionin —— ¢ shénojmé né trajtén
(x+2)(x—3)
x A B

= + . (1)
(x+2)(x-3) x+2 x-3

Duke shumézuar té dy anét e (1) me (X+2)(x—3) merret:
Xx=A(x-3)+B(x+2)
x=(A+B)x+(2B-3A).

Pra, merret sistemi:

A+B=1
2B-3A=0
S o eqs . 2 3
me zgjidhjen e té cilit kemi: Azg, B =g.
Pra
J';dng _dx .3 £=3In|x+2|+gln|x—3|
(Xx+2)(x-3) 57x+2 5'x-3 5 5

=%In(x+2)2 +%In|x—3|3zéln(x+2)2 |x—3 +C.

11. Duke vepruar ngjashém merret:

x*+2 A . B . C
(x+1D)*(x+2) x+1 (x+1)?* x+2

X2 +2=A(X+1)(x+2)+B(x+2)+C(x+1)>

Pas transformimeve merret sistemi:

A+C=1
3A+B+2C=0
2A+2B+C =2

Me zgjidhjen e té cilit merret: A=-5B=3,C =6.
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Pra,

2
J' x2+2 dx=—5J- dx +3J‘ dx 2+6J‘ dx
(x+1)(x+2) x+1 (x+1) x+2

=—5m|x+ﬂ——§—+GM|x+2
X+1

=th+2f—4n|x+1F——§—
Xx+1
(x4—2) 3
|x+1| X+l
2x? 2x? 2x?

12. -1 @ -DE+1D) x-DE -+ +1)

Pra

2x* A . B +Cx+D
(x-Dx+D*+1) x-1 x+1 x*+1

Pas transformimeve merret sistemi:

A+B+C=0
A-B+D=2
A+B-C=0
A-B-D=0

Me zgjidhjen e té cilit kemi: A=%, B =—%,c _0.D=1.

Pra
dx
I "2 Ix 12 x+1+jx2+1

=%hﬂx—ﬂ—%ﬂﬂx+1h&mMnx

1 -1
=§In Xz +arctanx+C .

Xx+1
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1 1 __A L BX+C
-1l (=D +x+1)  x-1 xP4x+1

Pas transformimeve merret sistemi:

A+B=0
A-B+C=0
A-C=1
ey e 1 1 2
Me zgjidhjen e té cilit merret: A==,B=-=,C=——.
3 3 3
D.m.th.

1 2

[o _Lpax 3 34t Sinfx-1]+1,
x’-1 3x-1 X2+ x+1

ku
1.2
I, = _éi__idx:_lj_;ﬁig_dx:__“_jfxiigld
X“+X+1 39X +x+1 3 2 x +x+1
___J‘2X+1+3 ___J‘ 2X+1 __J'—
X2+ x+1 X2+ x+1 29 X+ x+1
1 1
=2l =l
2X+1
I, = | ——————dx=In(x* + x+1).
2 jx2+x+1 ( )
X+1
dx dx 1 9 2 2x+1
I, = = =—arctan —— = —arctan ——.
’ jx +x+1 J x+}72+!§ V3 NERE] V3
2 2 2 2
Pra
|1=—1mu2+x+n—1 2 arctan 2L,
6 AN RN

D.m.th.
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IS—X=1|n|X—1|—1|n(X2 +X+1) - L ——arctan—== 2x+1
x*-1 3 6 NG J3
1 1 2x+1
==In(x-1) In X* + X +1) ——=arctan ——=—
5 (x=1)° - 5 ( ) 7 NG
_i (X D’ 1 —=arctan 2X+1+C.
6 xX+x+1 3 J3
Té njehsohen integralet:
3 2
14. [——dx 15, [L IOV FNE2 g,
X" +1 x” +5x
3xX° +x°—x x+2
dx dx
18. . 19. | ——
J.xs—x“+x3’—x2+x—l jx3—3x+2
dx
20. | . —
@+ X))@+ x)L—x+Xx%)
Zgjidhja.
14. Udhézim.
Shprehja e dhéné transformohet si vijon:
1 1 ~ 1 1

x4l x4 +1-2x3 (X% +1)2 - (+/2%)?
B 1
(X% —2x+1)(x% +~/2x+1)
D.m.th.

1  Ax+B N Cx+D
X* 41 2 —2x41 x2+A2x+1

15. Sé pari kryejmé pjesétimin. Merret

x3+5x2+3x+2_1+5x2—2x+2
x® +5x x(x* +5)

B (X% +1-/2X)(X? +1++/2X)
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Duke vepruar si né detyrat paraprake merret:
5x” —2x +2 _éJerJrC
x(x® +5) x  x*+5

Pas transformimeve merret sistemi:

A+B=5
C=-2
5A=2
. 2 23
rejnga A=—,B=—,C=-2.
prej ng 5 5
D.m.th.
2 23x 9
3 2 - e -
J-x +5agc +3x+2dx:J~ 145, 52 dx
x° +5x X x“+5

2 23 X
=x+=In|x|+—
5 5

dx — l arctan X

x* +5 J5 J5

=x+gln|x IJr%ln(x2 +2)—iarctani+C.

NG V5

16. Veprojmé ngjashém si né detyrén paraprake:

5, .3
3x J3rx x:3x2+4+ 33x
x® —x x®—x
D.m.th.
5, .3
J‘Sx:#dx:j 3x2+4+3—x dx
x° —x x(x —1)(x +1)
=x3+4x+3jg—x=x3+4x+§lnx_1+C.
x° -1 2 |x+1
x+2 x+2 x+2
17. dx = dx = dx.
J.x‘”’—xQ—erl Ixz(x—l)—(x—l) J.(9c—1)2(x+1)

Duke vepruar si ne detyrat paraprake merret:
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11

x+2 _A+B+C
(x-1)2*(x+1) x-1 (x-1)* x+1

Pas transformimeve merret sistemi:
A+C=1
B-2C=0 ’
-A+B+2C=2

me zgjidhjen e té cilit merret A = i,B = %,C = %

Pra
J‘ x-2|-2 dlej‘ dx +§I dx2+§J‘ dx
(x-1)"(x+1) 47x-1 27 (x-1° 47x+1
:llnlx—ll—§ 1 +§ln|x+1|
4 2 x— 4
et xs1P-—2 s
4 2x —1)

18. Meqgé
o —xt+at -t rx-l=x'(x-D+x(x -1 +(x-1)
=(x*+x>+D(x-1) = (x - D(x* +2x* +1—x?)
=(x-1D((x*+1) —x?) = (x - D(x* —x1)(x* +x +1)

merret:

1 A Bx+C Dx+ E
5 4 o3 _ 2 T Ttz T3
X=X"+X=X"+x-1 x-1 x"—-x+1 x°+x+1

Pas transformimeve merret sistemi:

A+B+D=0
C-2D+E=0
A+2D-2E=0
-B-D+2E=0
A-C-E=1
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me zgjidhjen e té cilit merret: A:—%, B=0, Cz—%, Dz—l,

3
E=—1.
6
Pra
1 1
dx 1pdx 1 dx 37 6
_[ 5 o4, 3 2 ) 512 2 dx
XX=X"+X=x"+x-1 37x-1 2 x —-x+1 x"+x+1
=1In|x—1| L arctan2X ! 1In(x +Xx+1)
3 NG J3 6
1, (x-=1)7° 1 2x -1

=_1In —arctan——+C.

6 xX+x+1l 3 3

19. Sé pari faktorizojmé shprehjen X° —3x+2 = (x—-1)°(x +2).
D.m.th.

1 _ A, B _C
X*=3x+2 x-1 (x-1* x+2

Pas transformimeve merret sistemai:

A+C=0
A+B-2C=0
2A+2B+C =1
S . s 1 3 1
me zgjidhjen e té cilit merret: A=—=, B=—, C==.
5 5 5
D.m.th.
_[ dx J' 3 dx 1, dx
- = 2+_J'_
—-3X+2 X— 1 5 (x-1)° 57 x+2
= Linyx- 1|—§L+—|n|x+2|——|n|x+2| 3
5 5x-1 5 [x—1| 5(x-1)
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20. Udhézim.

L+ X)A+ X))@+ X)) = L+ X)L+ x*)A+ X)L - x + X*)
=1+ X)*(L+ X)L - x + x?).

D.m.th. kemi:

1 A N B +CX+D+ Ex+F
A+ XA+ X)L-x+x3) 1+x @1+x)°* 1+x* 1-x+x*

Detyra pér ushtrime

Té njehsohen integrale:

13. _[ 4dx 14. Ix - 3x” +2x+1d
x* +16 x%—x

5
15. J‘de 16. J‘X +2

X% +2x x* +x

dx
17. dx. 18. .
Ix +x%-3x-3 J.x5+x“+x3+x2+x+1

dx dx
19, | —7—. .
Ix:"—x2+x—1 I(l—x)z(l—xz)(l—x+ x?)

Metoda e Ostrogradskit

Le té jené P(X) dhe Q(X) polinome me koeficient realé. Le té jeté
shkalla e polinomit P(X) mé e vogél se shkalla e polinomit Q(X), pra

P(x
thyesa éshté e rregullt.

(1)Le té jeté

Q(x) = (x=a)™ .- (x=a,)" - (* + px+q)* -...- (O + p,x+,)"

2
ku a, p,, of jané numra real té tillé gé %—qj <0, kurse «¢; dhe ﬂj
jané numra natyror, i =1,2,....,1; j=12,...,S

Le té jené
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Q) =(x—a)* " ..-(x=a,) " (x> + px+q)* " (X + px+0)*

Q,(X) = (x—2) ... (x=2,) - (X* + pX+ ) -..o (X + P X+ Q).

Atéheré ekzistojné polinomet P (X) dhe P,(x) shkalla e té ciléve éshté
mé e vogél se shkalla e polinomit Q,(X) dhe Q,(X), ku po e cekim gé
shkalla e polinomit Q,(X) éshté n, kurse shkalla e polinomit a,(X)
éshté n,(=r +2s), té tillé gé

[ PLIOLIOM
W QM QM

Koeficientét e polinomeve P,(X) dhe Q,(X) njehsohen me ané té

metodés sé koeficienteve té pacaktuar.

Shénimi 1. Polinomet Q,(X) dhe Q,(X) mund té caktohen né ményré
té drejtpérdrejté edhe pa e ditur zbérthimin (1) e polinomit Q(X) né
faktoré té pazbérthyeshém.

Polinomi Q,(X) éshté pjesétuesi mé i madhé i pérbashkét i
polinomeve Q(X) dhe derivatit té tij Q (X), dhe mund té caktohet
Q(x)

Q)

Shénimi 2. Kjo metodé sé pari u publikuar nga M.V. Ostrogradski
mé 1845 dhe pér hiré té tij mbané kété emeér.

pérmes algoritmit té Euklidit, gjerésa Q,(X) =

Duke zbatuar metodén e Ostrogradskit té njehsohen integralet:

25. | * 26. j%
(x=1)°(x+12) (x*+1)
Zgjidhja.
25. Né rastin toné:
P(x) = x

Q(x) = (x-1)°(x+1)°.
Atéheré Q,(X) = (X1 (x+1)*" = (x=1)(x +1)?
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deg Q,(x) = 3.
Q,(X) = (x-1)(x +1)deg Q,(x) = 2.

D.m.th. polinomet P(X) dhe P,(x) ashtu qé degPR(x)=2;
deg P, (x) =1.

Pra B(X) = Ax* + Bx+C; P,(x) = D,x+F,.

Atéheré:

I xdx _Ax2+Bx+C+J- Dx+F
(x=1)%(x+1)° (x-D(x+1> < (x-D(x+1)
Nése vperojmé si né rastet paraprake merret:

J. D1X+E1 |X=DJ. dx +EJ' dx

(x=D(x+1) x—1 X+1
Pra, kemi:
2
j xzdx 3:Ax +BX+€+DI dx +EJ dx.
(x=-D°(x+1)° ((x-D(x+1) (x=2) X+1

Diferencojmé té dy anét e shprehjes sé fundit, merret:

X _ (¢ —=1)(2Ax + B) — (3x —1)(AX* + Bx + C)
(x-1D%(x+1)° (x-1%(x+1)°
D E
—t—.
x-1 x+1

Duke vepruar si né rastet e mésipérme merret sistemi 1 barazimeve:

D+E=0
-A+2D =0
A-2B-2E=0

-2A+B_3C-2D=1
C-B-D+E=0
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Pas zgjidhjes sé sistemit merret: A:B:—E;C:—l; D:—i;
8 4 16

-1

6
D.m.th.

2
J- xzdx - x+x+22+i X+1+C;x¢4_rl.
x-D°(x+1)° 8(x-1(x+1D° 16 |x-1

26. P(x) =1

QX)) = +1)° =[(X+D(X* = x+DJF = (x+1)°(x* - x +1)°.
Atéheré
Q(X) = (X+1* (X* = x+1)*" = (X +1)(X* = x+1).
deg Q,(x) =3.
Q,(X) = (X +1)(X* —x +1). deg Q, (x) = 3.
Pra, ekzistojné polinomet P,(x) dhe P,(X) ashtu qé:
deg R, (x) = 2; deg P,(x) = 2.
Pra P(x) = AX’ + Bx+C; P,(x) = DX’ + E,x+ F..
Kemi:

J- dx  AX*+Bx+C +,[ d,x* + E;xx+ F,
(X} +1)° (X+D(X*=x+1) J (X+D(x*-x+1)

J- dx _Ax2+Bx+C+DJ dx J*EX+F

= dx.
(x® +1)? x*+1 x+1 I x*—x+1

Diferencojmé té dy anét dhe zgjedhim sistemin:

Merret:
A=C=0; B:E; D:g; E=——; F:i
3 9 9

D.m.th.
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dx X 2 2 X—2
[ =t oinx+1 -2 [
x*+1)° 3(x*+1) 9 9 -X+1

2 p—
X L In(x+1) arctan EJF C, ((x=-1.

= += +
3 +1) 9x*—x+1 33 J3

Detyra pér ushtrime

Duke zbatuar metodén e Ostrogradskit té njehsohen integrale:

dx dx
21, | ——. 2 _—
J.(x2+x+1)3 J-(X3+X+1)3
X“dx dx
3. | —— . 24, | —.
-[(xz +2X + 2)° j(x4 +1)?
5. I dx 26, I X2 +1
(x ) (x + x? +1)

97, J 4X - 98 j dx
(x° +x+1)2 % CIxt 2 43x% 4 2x+1




