6. Integrimi i funksioneve iracionale

Té njehsohen integralet:

.[ Xx+1

dx
1. | ————
J'\/§+5x3 VX+2+3x+2

3. J» 2+/x+2 dx. 4_[ XX+ 2
X2 +AX+4—~/x+2 X+Yx+2

dx, x=#-2.

dx dx
5. . 6. .
J.g/(>(_3,)4(x_5)2 '[1+\/x+\/x+1

X2 dx
7. | ——dx. 8. .
J.\/1+x+x2 '[(x2+x+1)\/x2+x—1
Zgjidhja.
1. Marrim zévendésimin X = t'%; dx =10t°dt.

Pra

= IlOt dt t°dt 10I t!

=1 = dt
t° +1° t°(L+1) t+1

J dx

Jx+3

=1oj(t3—t2+t—1+ijdt
t+1

tt t* t? 9%
=10 ———+—+In|t+1||+C ku t =9x.
(4 3 2 | lJ

2. Zévendésojmé X+ 2 =t°, dx = 6t°dt. Merret:

I X+1 _I(t6 1)6t5 I(tﬁ 1)t5
mwﬁ £ +12 t(t+ 1)

(t° - 1)t3 S SR S S S &
=6 dt=6| ———+—-—+—-—|+C ku t=¥x+2.
4 9 8 7 6 5 4 B
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3. Integralin e dhéné e shénojmé né trajtén:

2 =t?
J‘ 2+ X+2 :x+ :I24+t2tdt=2j 23+t tdt
(X+2)2 =X +2 dx =2tdt| °t*—t t(t* —1)
=2J'2+t it— 2 J'( A N th+C jdt-
t—-1 t°+t+1

Pas transformimeve merret A=1 B=-1, C =-1.

Pra
dt t+1
| =2 -2 dt
It—1 It2+t+1

=2In|t-1|-In(t> +t+1) +— L arctan 2t+1+C, ku t =~/X+2.

V3 V3
4. Zévendésojmé X + 2 =t°, dx = 3t’dt
3 6 43
J. J‘( —2)t-3t? —3_'.2 2t dt
X+3x+2 (t? —2)+t t*+t-2

“3f[e- -2t _et et t? -2t
- (t 1)(t +t+2)) 4 2 t-D(t> +t+2)

Shprehjen nén funksionin integral e transformojmé si vijon:

-6t A . Bt+C
t-Dt*+t+2) t-1 t*+t+2
Pas zgjidhjes merret: A= —l; B ZE; C= —E.
4 4 2
Pas zgjidhjes merret:
=31 3¢ —§In|t 1|+—In(t2+t+2) 2 arctan2t+1+C,
4 2 4 8 a7 J7

ku t =3x+ 2.
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dx dx dx
5":j#<x—3)“(x—5)2:I = ey |
ot M e )
(x=3) X—3
Zisvendésojmé: — 5 _ 5 Lz 3z
X—3 (x=3)° 2
Pra
2
|=§jtft=§t+0=isx_5+c.
2 2 2 2\x-3

6. Zévendésojme: \/; ++X+1=u
Atéheré

X+ 2XX+1+ X +1=u?
2%+ 2 xx +1=u? -1
2UX(X +x+1) =u? -1

2Jx -u=u?-1
2
u? -1 u? -1
= = X = .
v 2u ( 2u j
Atéheré
2 2 1\
dx:2u tu -1 du
2u 2u
_ 2
dx:(u D(u +§)(u +1) du
2u
Atéheré

(U-)u+Du®+1)
u-2u®+1) !

I:J‘ 20° du:i'[—d(

1+u 2 u’
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u —u? +u 1 1 1 1 1
—j Uu=-Uu--Ihu-—+-—+C
2 2 2u  4u®

= x—%ln(\/;+\/x+1)+1+§—%\/x2 +x+C, x>0.

7. Integralin e dhéné e transformojmé si vijon:

J' I J'1+X+X2

Z+X
dx — 2 dx
\/1+x+x V1+x+ % ‘[\/1+x+x2

1 dx \/72 2x+1 1 dx
ol ———— = |14+ X+ X el | AN
2J‘\/1+x+x2 I ‘[ 1+ x+x2 2I\/1+x+x2

2
j /(x+%) +%dx—\/1+x+x2 —%In(x+%+\/l+x+ x2j+C

:1+42X\/1+x+x2 +§In(x+%+\/l+x+x2J—x/l+ X+ X

—%In(x+%+x/1+x+x2j= 2x4—3\/1+ X+ X2
—%In(x+%+\/1+ x+x2J+C.

8. Integralin e dhéné e paragesim né trajtén

j dx :J- dx
(x> + X +DVX*+x-1 (( 1)2 3} ( 1j2 5'
X + += | x+ 2

Zévendésojmé

+l=t; dx = dt
2
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I=J- dt
(t2+3j £

4 4
t
,/t2—§

4

Zévendésojmé = U, atéheré merret:

—lf dt _ 1, [V3rauv2|
2 § _t? \/6 \/§ - 2U\/§
8
B ILBW +x])+QX+DJw +C. ku lx vg
‘J%x-+x 1) - (2x+DJ_‘ 2'
Detyra pér ushtrime
Té njehsohen integralet:
1 I dx 9 J dx
IX@x+4%¢) I+ 3%
dx xdx
3. . 4. .
J'\/x+1+<‘/x+1 J'\/x+3+€/x+3
2+ x+l
1+Vx+1 X —1
5. [ LD gy 6. | .
X+1+3x+1 3x+1+x+1
x-1 x-1
4
FESEE g, [1rirdxe2y,
X+3 (x=D)Ix+2

dx

x*dx
9. j Q/(X _ a)n—l(x _ b)n+1 ' 10. jm

dx 12, j x-+2x+

11. .
J.1+\/x+2+\/x+3
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13. j;d“xuzx. 14. j ax .
(x* = x +1)\/(x2 -x-1

15. | o . 16. | o .
JOE+Xx=1)(x* +x-1) X =x+1) (x> = x+1)

Zévendésimet e Eulerit

Integrali i formés:

I :J‘R(x\/ax2 +bx + ¢)dx 1)

ku R éshté funksion racional né lidhje me x dhe vax® +bx +c,

pérmes zévendésimeve té Eulerit shndérrohen né integral té
funksionit racional.

Dallojmé kéto raste, né té cilat pérdorim zévendésimet e Eulerit.

1) Nése a > 0, merret zévendésimi

Jax2 +bx+¢ = +Jax + z.

Le té marrim p.sh.
Jax2 +bx+ ¢ =+Jax + z.
Atéheré
ax’ +bx+c=ax?+24a-x-z+ 72
bx—2Ja-x-z=17%-c¢
72’ —¢ . .
X =———— prej nga gjendet dx.
b-2z+a

pas zévendésimit né (1) merret

| = J. r(t)dt, ku r(t) paraget funksion racional.

Ngjashém do té merrej nése do té zévendésohet
Vax? +bx+c¢ =—Jax+z

2) Nése € > 0, merret zévendésimi:
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Jax2 +bx+ ¢ = xz ++/c.

Atéheré

ax? +bx+c=xz2—2xzc +¢
ax+b=xz2 —2zc
x(z2 —a) =b+2z/c

X_b+22JE

5 prej nga pastaj caktojmé dx.
Z-—a

Pas zévendésimit né (1) merret:
| = j r(t)dt, ku r(t) éshté funksion racional.

Ngjashém do té merrejnése do té zévendésonim
Jax? +bx+c¢ = xz +/c.

3) Nése trinomi kuadratik ka rrénjé té ndryshme reale X, X, pra

nése ax” +bx+c=a(Xx-x)(X-X,) atéheré merret zévendésimi:
Vax? +bx+ ¢ = Ja(x - x)(x = x,) = 2(x~ x,)

a(Xx—%)(x—%,) = 2°(x - x)*

a(x—x%,) = 2°(x = x)

ax—ax, = 2°X—2°x,
(z® —a)x = 2°x, — ax,

2
YA —aX
Lo D% A%,

> ; prej nga caktojmé dx.
2" —a

Pas zévendésimit né (1) merret jr(t)dt, ku r(t) éshté funksion
racional.

Duke zbatuar zévendésimet e Eulerit té njehsohen integralet:
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9. IL 10. j x+1

. —dx.
XNVAX® —x +1 V=x?+3x+9

11 IL
x> —5X+6
Zgjidhja.

9. Meqé a >0, merret zévendésimi i paré 1 Eulerit:

VAX?P = Xx+1=2X+12

Atéhers, 4X° —X+1=4x> +4xz+ 7°

X+4xz=1-7°

2
x(1+4z) =1-7%; x=i=2
1+4z
2
Atéhers, dx = —222+—Z+22
1+42)
Zévendésojmé né integralin e dhéné né fillim. Merret:
2% +1+2 27 +72+2
2 2
_[ 2 @+ 422 4z :_ZJ‘ : (1+422) : dz
1-z 21—z s 1-2°(2-22"+2+4z
1+4z\ 1+4z 1+4z 1+4z

2dz :In|z_1|+C.
- -1 |z+1|

_2.[ 222+Z+2 dZ—ZI
(1-2%)(22* +z+2)

Integrali 1 fundit paraqget integral racional, me zgjidhjen e té cilit
merret:

10. Meqgé ¢ =9, merret zévendésimi i1 dyté i Eulerit. Merret:
V=X*+3x+9 =x2—-~/9 = xz2-3.

Atéheré
—X* +3x+9=x"2"-6x2+9

—X+3=xz22-62
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Xz + x=3+62

x(z° +1) =3(1+ 22)

— 2_
X:3%; dx:6lz—222dz.
1+7z @+2z%)
Pra
3(1+2z2)
+ 2
I X+1 I 1+ 72 _61—2 ~Z 4
\/—x2+3x+ A+2z) o (@+2%)
1+2°
jz +62+4
A+ z%)?

Pas zgjidhjes merret:

11. Meqé X* —=5X+6 = (x—2)(x —3) zbatojmé zévendésimin e treté té
Eulerit. Kemi:

\/m =z(x—-2).
Atéheré, X* —5Xx+6=(x—2)(x —3) = z*(x - 2)°.
D.m.th.

(x-3)=17°(x-2)

x—3_zz_ X_3—222_ ‘= 22 d
x-2 1-2% (1-2z?)°
Merret:
22 22
1-22)? (1-2°)?

dz

1-2° 1-2°

I\/ 5%+ 6 I
S t= J
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dz 11+ z|
=2 = +C.
j 1-7° n| -~ z|
Detyra pér ushtrime
Té njehsohen integralet:
dx dx
17. . 18. .
J‘x+\/x2+x+1 j1+\/1—2x—x2

1. J-x—x/x —5x+6
+4X* +5x+6

Disa forma té integraleve iracionale

1. Integrali i formés

J* P (X) (1)
Jax? +bx+ c

ku P, (x) éshté polinom i shkallés m.

Integrali (1) njehsohet sipas formés:

P (X) 2 dX
—n___dx=P_ (X)Vax’ +bx+¢ + K| —m—
J.x/ax2+bx+c ' I\/ax2+bx+c

ku P, ,(X) éshté polinom i shkallés m-1, K- konstanté.

Koeficientét e polinomit P, ,(X) dhe konstanta K caktohen pérmes

metodés sé koeficienteve té pacaktuar.

Té njehsohet integrali:
.[XZ\/XZ + 4dx.

Zgjidhja.

2 2 2
szdxz x\/x +4-\/x +4d _ X + 4x?
j j V¥ +4 J.x/x +4

dx
= (A +Bx* +Cx+ D)Wx* +4 +K - .
J'\/xz +4
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Duke derivuar té dy anét e barazimit sé fundit merret:

X' +4x S =[(AX® + BX* + CX + D)VX* + 4]+ K —
VX* + 4 VX2 + 4
4
x* +4x? 3AX + 2Bx + C) [ +a. (AX® + BX? +Cx+D)x K

\/x2+4 N \/X2+4

X* +4x% = (AX® +2Bx +C)(x* +4) + (AX® + BX* + Cx+ D)x + K
. 1 1
Pas transformimeve merret: A= Z, B=0,C= E' D=0, K=-2
Prandaj, pas zgjidhjes merret:

3
IXZ\/X2+4dX= X szx/x2 +4-2In(x++x*+4)+C.

Detyra pér ushtrime

Té njehsohen integralet:

I :;::j 21. J'4dx.

2. Integrali 1 formés

@)

J- dx
(x—b)"Vax® +bx+c
Integrali (2) zgjidhet me ané té zévendésimit:

dt

X—Db :% Atéheré dx __t_2

Té njehsohet integrali:

13 J- dx
(x=1)°Vx* +x+1
Zgjidhja.

1
Zévendésojmé X — 1—;

dx = —d—zt. Merret:
t
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_J‘ dt _ dt __J- t dt
1.3 4 [3t* +3t+1 V32 +3t+1
t?t t2

Integrali né vijim zgjidhet me zévendésimin e paré (ose té dyté) té
Eulerit.

Pas zgjidhjes merret:

Detyra pér ushtrime

Té njehsohen integralet:

23. | ax

99 _[ dx
(x-1*Vx* —x+1 (X_ljs r—
2

94 JL
XX+ x+1

INTEGRIMI I DIFERNCIALIT BINOMIAL

Integrali 1 formés:
jxm(a+bx”)pdx,
ku m,n,p jané numra racional dhe a,beR quhet integral i

diferencialit binomial.

Integrali 1 mésipérmé, né ményré elementare mund té zgjidhet vetém
né njérin nga tri rastet vijuese:

1) Nése p éshté numér i ploté merret zévendésimi: X =t°, ku s éshté
shumeéfishi mé i1 vogél 1 pérbashkét pér eméruesit e numrave m,n.
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m+1

n
atéheré merret zévendésimi a +bx" =t° (s — eméruesiip — sé).

2) Nése pgZ (pra peQ), d.m.th. nése p:£ dhe e’Z,
S

m+1 m+1

r
¢ Z, kurse
n

3) Nése p éshté thyesé (p =—] dhe
S

+pel,

merret zévendésimia + bx" = x"t°.

Té njehsohen integralet:

dx X dx
14. _— 15. ——dX. 16. —_—
jﬁm% I 1+ 3% jv‘1+x“
Zgjidhja.
14. Integrali i dhéné shénohet né trajtén

1 1
| = j X 2 (1+ x3)%dx.

Vérejmeé se m:—l; nzi, p=-2.
2 3

Megé p =-2 éshté numér i ploté, zévendésojmé:
x =1° (sepse [2,3] =6).
dx = 6t°.

Merret:

| = J.(t6)§ (1+ (t6)%)’2 6t°dt = jt —3(L+t*)?6t>dt

t°dt t2dt
=6 =6
J‘te’(1+t2)2 J‘(1+t2)2

me zgjidhjen e té cilit merret:
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15. Integralin e dhéné e paragesim né trajtén:

2 1

= [x@+x3) 2.

Vérejmé se m=1, n:g; p:—i.
3 2

m+1
n
xdx = 3t(t* —1)*dt.

Meqé 3 merret zévendésimi 1+3x° =t?, prej nga

Kemi:

1 5
| :j(tz) 2.3t(t% —1)%dt = 3J'(t2 ~1)%dt = 3%—2t3 +3t+C;

ku t=\/1+§/x_2.

16. Integralin e dhéné e paragesim né trajtén:

1= ax__ fa+ x“)’%dx.

Y1+ x*

Vérejmé se m=0; n=4; p:—%.
m+1 1

m+l_1 ip=2_t_gez
4 4

Vérejmé se =—¢Z por
n

4

D.m.th. zévendésojmé: 1+ x* = x“t*.

D.m.th.
4.4 4 4 1
X' =X =l=X' =7—=X=
— 4 t4 _1
Pas derivimit merret:
3
dx = —t— dt.

Zévendésojmé né integralin e dhéné. Merret:



ANALIZA MATEMATIKE II

_1 4 t4 _1 3 2
j(1+x4)4dx=-jV( )t dt:—jzdt.
t ‘\‘/(t“ —1)° t* -1
Integrali 1 fundit paraqget integral té njé funksioni racional.

Pas zgjidhjes merret:

4 4 4/ 4
L=t Lactantec = L L P X
4 Jt-1f 2 4 W1+ xt -1 2 X

Detyra pér ushtrime

Té njehsohen integralet:

2 B 3/v2 -2
25. J'x&(%—lj dx. 26. jx\/x—(\/;+1) dx.

217. J. 1+ 4 dx. 28. .[\4/4x— x*dx.
Jx
30. I\3/3x —x3dx.

dx
29, | —.
'[\/1+ x* - x®




