7. Integrimi i funksioneve trigonometrike

1) Le té jeté j R(sin x,cos x)dx, (1) ku R éshté funksion racional.

Né rastin e pérgjithshém merret zévendésimi:

tan> =t. Atéheré = arctant = x = 2arctan t, dx = 2dt2 :
2 2 +t
. X
. 5|n2~E ot
sinx = =—.
X 1+t

X
sin® = + cos? =
2 2

1-t2 : e 112\
cosx=="——. [cosx=v1-sin®x = [1- — = -
1+t @+t9) 1+t
Duke zévendésuar né (1) merret:
2t 1-t*) 2dt
.[R 2" 2 2
1+t° 1+t° )1+t
Pra, integrali 1 funksioneve trigonometrike shndérrohet né integral té
funksionit racional.

2) Nése funksioni integral plotéson kushtin
R(=sin x, cos X) = —R(sin X, €0s X), pra nése funksioni integral éshté

tek sipas sinx atéheré merret zévendésimi: COSX =t; SinX = V1-t%;

X =arcsint; dx = —#dt.

V1-t?
3) Nése R(sinx,—cosx)=—-R(sinx,cosx), pra nése funksioni

nénintegral éshté tek sipas COS X, merret zévendésimi:

: ; t
sinx =t; x = arcsint; dx:d—; cos x =~/1—t2.

J1-t?
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4) Nése R(—sinx,—cosx) =R(sinx,cosX), pra nése funksioni
nénintegral éshté ¢ift sipas Sin X, COS X, merret zévendésimi:

dt
tan x =t; x = arctan x; dx = =
1+t
Meqé
sin’ x
sin’ x 2 tan® x t?
sin? x = —___cosTx -
sin® x+cos® X sin?x . cos’x tan®x+1 1+t?
cos?x  cos® x
atéhereé
sinx =

t
\V1+t2
— t2 1
COSX =+/1-sin“x =,/1—

1t? Ji+t2

5) Integralet e tipit jsin’” xcos" xdx shndérrohen né integrale té

funksioneve racionale me kéto zévendésime:
1) Nése m éshté numér tek, zévendésojmé c0S X =1.
i1) Nése n éshté numeér tek, zévendésojmé sin x =t.

11) Nése m,n jané numra natyral ¢ift zbatojmé formulat:

.y 1—cos 2x 2 1+ cos 2x
Sin® X =———; C0S X:T.

iv) Nése m,n jané numra ¢ift me shenja té kundérta,
zévendésojmé tan x =t ose ctanx =t.

6) Integralet e tipit:

1) Isin mXx - sin nxdx.
i1) I sin mx - cos nxdx.

iii) Icos mX - c0S nxdx.
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3

Zgjidhen duke zbatuar formuat, té cilat 1 kemi pérmendur tek

integrimi me metodén e zévendésimit.

sin mxsin nx = % (cos(m —n)x — cos(m + n)x)
. 1, . .
sin mxcos nx = E(sm(m —n)Xx+sin(m+ n)x)

1
COS MX COS NX = > (cos(m —n)x + cos(m + n)x).

Té njehsohen integralet trigonometrike

L J»cos X4 5 J»sm X4
sin® x cos* x
3. J'sin‘*xcos4 xdXx. 4. jctanexdx.
Zgjidhja.
1. Zévendésojmé COSX =t;sinx =+/1—t?;dx = t -
1-t
4 4 4
cos” X t dt t
'[ -3 dXZJ. 2\3 :J- 77 d
sin® x 1-1°)° 112 @-t9)
=3 =2 H 2
sin® x sin? xsin x 1-cos®x .
2. dx = dx = sin xdx
j cos* x J. cos* x I cos* x
cosx =t Ly . .
] —t
=|—sin xdx = dt :—j —dt = T +C.
. t 3C0s° X COSX
sin xdx = —dt

3. Né kété rast m =3, zévendésojmé cos X =t; —sin xdx = dt

[sin® xcos* xdx = [ (1-cos” x) cos* xsin xdx = —[ (1—t*)t"dt



4 INTEGRALI I PACAKTUAR

t° t cos® X . cos’ x

=——+—+C=- C
5 7 5 7
4
cos’ X4 Cos” X dx
4. Ictanxdx J' dx = j_4 cos* Xx—
sin® x sin x sin® x
ctanx = u
4 dx dx u’
:jctan XC0s* X—5— =|—5—=-du |=—|——du.
sIn“ X [sin” X 1+u?
2
Cos* X = ——
1+u

Detyra pér ushtrime

Té njehsohen integralet:

L Ism X 4 2',[ sin® x dx 3'I dx

cos® X eos? X X
cos™ X sin® = [cos® =
2 2
sin® x
4. J'sinxcos2 xdx. 5..[ — dx.
cos® x

Duke 1 zbatuar formulat:
sin(a —B) =sin((x + o) — (x + B))

cos(a —B) = cos((x+ a) — (X +B))

njesoni
5. [ dx. . 6. [ _x
sin(x + o) sin(x + ) sinx—sina
Zgjidhja.
dx B 1 sin((x + a) — (x +B))
Isin(x T o)sin(x+p) _ sin(a —B)I dx

sin(x + o) sin(x + )

3 1 Isin(x+a) cos(X + B) —sin(x + ) cos(x + a) dx
~sin(a.—B) sin(x + ) sin(x + )
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3 1 J- cos(x + B)dx B .[ cos(X + ) dx
~sin(a—B) Y sin(x + o) sin(x + o)

1 Inhmu+BH+C,ﬂMa—M¢O.

Csin(o—B)  [sin(x+a))|

X—a X+a
6. Meqgé cosa = cos (T -

()

X—a X+a

j atéheré kemai:

J' dx _
sinx—sina 2cosa

sin ——Cc0S ——
2 2
X—a X+a . (x—a). (x+a
cOS coS +sin sin
1 ( 2 J ( 2 j [ 2 J ( 2 j
92 J. X — X+a ax
cosa sin——cos——
2
X — X+a
1 COST smT
= | o d | £ —dx
cosal” oo
2 2
. X—a
1 sin——
= In xia +C, cosa=0; sinx=sina.
cosa |,
2
Té njehsohet integralet:
dx sin® X - cos? X
7. J- - . 8. Iﬁdx
sin X —cos X+ 3 sin® X + cos” x

9J sin X —3cos X
" J 3sin? x + 5c0s? x

Zgjidhja.

dx.

X
Zévendésojmé: tan r =t; — =arctant; x = 2arctant

X
"2
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20t . 2t 1-t?
dx:—2,5|nx:—2,cosx: 5
1+t 1+t 1+t
d.m.th
2dt dt
J’ dx =I 1+t? _ I 1+t
sinX—Ccos X +3 2t _1—t2 . 2t —1+t* +3+3t2

1+t> 1+t2 1+t?

dt dt
:2 = .
J.4t2+2t+2 J‘2t2+t+l

8. Zévendésojmé tan x =t; dx __d . sinx = COS X = !
’ I V1+t V1+t?
Atéheré
1
sin® x-cos’ x 1+t 141 dt t?
J. in 4 dX:'[ 4 2 :J. 2 ot
sin® X +cos” X t 1 1+t t+D(" +2)

+
(L+t%)?  (1+1t?)?

9. j sin X — 3¢0s X :J~ sin xdx
3sin® x + 5co0s” x 3(1—cos” x) + 5¢0s” x
B J- COS Xdx J- sin xdx '[ cos xdx
3sin®x+5(1-sin’x) 7 3+2cos’ x 5-2sin® x
d(cos x) d(sin x)
TSR
3+2c0s”° x 5-2sin” x
10. Té vértetohet se
,[ dx _ Asin X + B cos x J- dx
(asinx+bcosx)" (asinx+bcosx)"*

(asin x +bcos x)"?
ku A, B,C - konstante.
Zgjidhja.
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Le té jeté | —j x
" J(asinx+bcosx)"

integrimit merret:

n+l

_Id(—acosx+bsin X)  —acosx+bsinx
(asinx+bcosx)™  (asinx+bcosx)

1'[ (acosx—bsinx)>  —acosx+bsinx
(asinx+bcosx)™*  (asinx+bcosx)""

_(n+1)J~(acosx bsin x)* + (b cos X + asin x)? dx.
(asin x +bcos x)"*?

. Duke pérdor metodén parciale té

Pra

I, = 12 > {(n—Z)In2+
(n-D(a“ +b%)

gjé qé duhej treguar.

Detyra pér ushtrime

Té njehsohen integralet:

(asin x+bcos x)"*

bsin X — acos X j

6 j dx
" J cos(x +a) cos(x +b)’

dx

8 [— &
COS X —Ccos a
dx
0. [— &
COS X +CoSs a
dx

12. .
~[35in X—C0SX+1

sin® x + cos* x
14. j dx.

cos® x +sin* x

16 J‘ dx
" J(2sinx—5cos x)*

7 j dx
" J sin(x +a) cos(x + b)’
9. jL

sinx +sina
11. j : ax .
SinX+2cosx—-5

sin’ xdx
13. j
sin? X + cos”* x

dx.

15]— sin X + 2¢os X
" J 3sin? x + 7¢os? x

dx.

17 I 3sin x —4cos X
" J 4sin? x + 5¢0s? x
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L X+a
dx cos"t S
18, [ 19, —2dx,
(sin x +3cos x) sin™?
2
n
. X—a
sin ——
20. I dx, ne N.
. X+a
sin——

21. Vértetoni se vlen

Asin x

J' dx _ n J- dx
(a+bcosx)" (a+bcosx)" (a+bcosx)™*

+CI

dx

n-2"

(a+bcosx)

(A, B,C) - konstante, ne N, (|a|#b].




